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Abstract
The packing chromatic number χρ(G) of a graph G is the smallest integer k
such that the vertex set of G can be partitioned into sets Vi, i ∈ {1, . . . , k}, where
each Vi is an i-packing. In this paper, we consider the packing chromatic number
of several families of Sierpin´ski-type graphs. While it is known that this number is
bounded from above by 8 in the family of Sierpin´ski graphs with base 3, we prove
that it is unbounded in the families of Sierpin´ski graphs with bases greater than
3. On the other hand, we prove that the packing chromatic number in the family
of Sierpin´ski triangle graphs ST n
3
is bounded from above by 31. Furthermore,
we establish or provide bounds for the packing chromatic numbers of generalized
Sierpin´ski graphs SnG with respect to all connected graphs G of order 4.
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1 Introduction
Given a graph G and a positive integer i, an i-packing in G is a subset W of the vertex
set of G such that the distance between any two distinct vertices fromW is greater than
i. This generalizes the notion of an independent set, which is equivalent to a 1-packing.
The packing chromatic number of G is the smallest integer k such that the vertex set
of G can be partitioned into sets V1, . . . , Vk, where Vi is an i-packing for each i ∈ [k]
(where [k] = {1, . . . , k}). This invariant is well defined in any graph G and is denoted
by χρ(G). The corresponding mapping c : V (G) −→ [k] having the property that
c(u) = c(v) = i implies d(u, v) > i, where d(u, v) is the usual shortest-path distance
between u and v, is called a k-packing coloring. The packing chromatic number was
introduced in [17] (the name broadcast chromatic number was used in the first paper,
indicating potential applications of the concept), and was subsequently studied in a
number of paper, see [1–7,9–12,18,21,23,24,26,28,29].
One of the main areas of investigation has been to determine the packing chro-
mating numbers of infinite graphs such as infinite grids, lattices, distance graphs,
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etc. [3, 4, 9, 11, 12, 23]. For instance, the question of what is the packing chromatic
number of the infinite square grid was initiated already in the seminal paper [17], and
in some further papers a lower and an upper bound for this number were improved;
currently, the packing chromatic number of the square grid is known to lie between 13
and 15 [3]. While the packing chromatic number of the hexagonal lattice was shown to
be 7 (joint efforts in the papers [4,11,23] give this value), that of the triangular lattice
is infinite [12].
The results of Sloper [27] imply that in the infinite 3-regular tree the packing chro-
matic number is 7, while in the infinite k-regular tree with k > 3 the packing chromatic
number is infinite. From this, one can infer that in the class of graphs with degree
bounded by k the packing chromatic number is unbounded as soon as k ≥ 4. Several
recent papers considered the question of whether the packing chromatic number in the
class of graphs with maximum degree 3 (i.e., subcubic graphs) is bounded by some
constant [5,6,15], but in the very recent, not yet published paper [2] the authors prove
that this is not the case. Nevertheless, the question of boundedness of the packing
chromatic number in some natural infinite classes of graphs remains interesting. For
instance, for the Sierpin´ski graphs with base 3, Sn3 , it was proven that their packing
chromatic number is between 8 and 9 as soon as n ≥ 5 [5]. (In the recent manuscript [8]
it was shown that in fact χρ(S
n
3 ) = 8 for n ≥ 5.) As the Sierpin´ski graphs S
n
k form
a fractal-like class of graphs, which can be built by a recursive procedure in which
the graphs from the class of smaller dimension are used as building blocks, it seems
particularly interesting to study the packing coloring in these graphs. Let us recall the
definition of this class of graphs.
Let [k]0 = {0, 1, 2, . . . , k− 1}. The Sierpin´ski graphs S
n
k of dimension n, n ≥ 1, and
base k have [k]n0 as the vertex set, and the edge set is defined recursively as
E(Snk ) = {{is, it} : i ∈ [k]0; {s, t} ∈ E(S
n−1)} ∪ {{ijn−1, jin−1}; i, j ∈ [k]0, i 6= j}.
In other words, Snk can be constructed from k copies of S
n−1
k in the following way. For
each j ∈ [k]0 concatenate j to the left of the vertices in a copy of S
n−1
k and denote
the obtained graph by jSn−1. Next for each i 6= j join copies iSn−1 and jSn−1 by the
single edge {ijn−1, jin−1}. Note that the diameter of Snk is 2
n − 1.
A natural question arises whether the packing chromatic number in the class of
Sierpin´ski graphs with bases greater than 3 is also bounded from above as is the case
with base 3 Sierpin´ski graphs. In Section 2 we prove that this is not the case, even when
the class Sn4 is considered. In the proof we use the recursive structure of these graphs,
and combine a lower bound on χρ(S
n
4 ) with the diameter of S
n+1
4 to obtain a lower
bound for χρ(S
n+1
4 ); the resulting sequence of lower bounds turns out to be positive
and increasing, which suffices for the proof. This result, which is in a sense negative,
motivated us to consider other variations of Sierpin´ski-type graphs. The first such
variation are generalized Sierpin´ski graphs, as introduced in [19]. They have similarly
defined recursive structure as Sierpin´ski graphs, but the edges, loosely speaking, reflect
the structure of a graph G with respect to which the generalized Sierpin´ski graph SnG is
defined (in particular, the generalized Sierpin´ski graph SnKk coincides with S
n
k ). Total
colorings and standard colorings of the generalized Sierpin´ski graphs have already been
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considered, cf. [16, 25]. The formal definition of these graphs is presented in Section 2.
In Section 3 we study the packing chromatic numbers of the generalized Sierpin´ski
graphs SnG for all connected graphs G of order 4. As S
n
G is a spanning subgraph of
Sn4 , its packing chromatic number is bounded from above by χρ(S
n
4 ), which gives the
possibility that the set of values {χρ(S
n
G) |n ∈ N} is bounded for any such G different
from K4. As it turns out, this is indeed the case, and for each of these classes of graphs
we present either the exact values of their packing chromatic numbers, or we give upper
and lower bounds for these numbers.
Finally, in Section 4, we consider yet another variation of Sierpin´ski graphs, called
the Sierpin´ski triangle graphs, ST n3 , n ∈ N0. They were studied in a number of pa-
pers, but were also called by several different names such as Sierpin´ski gasket graphs;
e.g. see [22] where different types of vertex and edge colorings were considered for this
class of graphs (cf. also [20] for a survey on Sierpin´ski-type graphs in which one can
also find an explanation of different terminology issues). Interestingly, the graphs in
this class are subgraphs of the infinite triangular lattice, hence in the limit they yield
a subgraph of the infinite triangular lattice. As mentioned above, it is known that the
packing chromatic number of the triangular lattice is infinite [12]. Thus, it is particu-
larly interesting that this number is bounded in the class of Sierpin´ski triangle graphs,
where our construction gives χρ(ST
n
3 ) ≤ 31.
2 Sierpin´ski graphs Snk with k greater than 3
In this section we prove one of our main results that the packing chromatic number in
the class of graphs Snk , where k is a fixed integer greater than 3, is not bounded from
above. This result motivates all further investigations in the subsequent sections.
Theorem 1 Let k ≥ 4 and let Snk be the Sierpin´ski graph of dimension n and base k.
The sequence (χρ(S
n
k ))n∈N is unbounded from above.
Proof. Let k be an arbitrary and fixed integer such that k ≥ 4. In this proof, we build
a sequence (an)n∈N, where each an presents a lower bound for the packing chromatic
number of the Sierpin´ski graph Snk . Clearly, as S
1
k coincides with Kk, and χρ(Kk) = k,
we can set a1 = k.
Note that Sn+1k contains a subgraph, isomorphic to S
n
k . Hence for a packing coloring
c of graph Sn+1k at least an colors are used. But, of these colors used by c, the colors
diam(Sn+1k ),diam(S
n+1
k ) + 1, . . . , an can be used only once in the entire S
n+1
k . Each of
the mentioned colors can be used only in one copy of Snk . Since S
n+1
k contains k disjoint
copies of subgraphs isomorphic to Snk , the packing coloring c of S
n+1
k uses, beside the
mentioned (at least an) colors, at least (an−diam(S
n+1
k )+1) · (k−1) additional colors.
Therefore,
an+1 = an + (an − diam(S
n+1
k ) + 1) · (k − 1),
and note that an+1 is a lower bound for χρ(S
n+1
k ), since we assumed that an is a lower
bound for χρ(S
n
k ). Since diam(S
n+1
k ) = 2
n+1 − 1,
an+1 = k · an − 2
n+1 · (k − 1) + k − 1.
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By solving this recurrence relation we obtain
an+1 =
(4− k) · kn+1 − 2 · (2− k)− 2n+2 · (k − 1)
2− k
.
We claim that (an)n∈N is a strictly increasing sequence.
Indeed, since the inequality (4−k)·k
n
−2·(2−k)−2n+1·(k−1)
2−k <
(4−k)·kn+1−2·(2−k)−2n+2·(k−1)
2−k
is equivalent to the inequality 2n+1 > (4 − k) · kn, we get an < an+1 for any k ≥ 4.
This means that the sequence (an)n∈N is strictly increasing as soon as k ≥ 4 (naturally,
for k = 3 this is not the case, as the result of [5] also shows). Thus (χρ(S
n
k ))n∈N is
unbounded when k > 3. 
As the situation of the packing chromatic number of the standard Sierpin´ski graphs
is in some sense resolved by Theorem 1 and the results of [5], it is interesting to consider
natural generalizations of this class of graphs. One such class are the generalized
Sierpin´ski graphs, whose definition we now recall.
Let G be an undirected graph on the vertex set [k]0. The generalized Sierpin´ski
graph SnG of G of dimension n is the graph with vertex set [k]
n
0 and edge set defined as
follows: vertices u, v ∈ V (SnG) are adjacent if there exists i ∈ {1, 2, 3, . . . , n} such that:
(i) uj = vj if j < i;
(ii) ui 6= vi and {ui, vi} ∈ E(G);
(iii) uj = vi and vj = ui if j > i.
In other words, for edges of SnG the following holds: if {u, v} is an edge of S
n
G, there is
an edge {x, y} of G such that the labels of u and v are: u = wxyy . . . y, v = wyxx . . . x,
where w ∈ [k]ℓ0, 0 ≤ ℓ ≤ n− 1.
The generalized Sierpin´ski graph SnG can also be constructed recursively from k
copies of Sn−1G . Analogously as for the Sierpin´ski graphs, for each j ∈ [k]0 add the label
j in front of the labels of all vertices in Sn−1G , and denote the obtained graph by jS
n−1
G .
Then for any edge {a, b} of G, add an edge between the vertices abb . . . b and baa . . . a.
From this perspective it is clear that only the extreme vertices (i.e. the vertices in−1)
of any Sn−1G can be endvertices of edges between distinct copies of S
n−1
G in S
n
G.
If 1 ≤ d < n and w ∈ [k]d0, then the subgraph of S
n
G, induced by the vertices, whose
labels begin with w, is isomorphic to Sn−dG . This subgraph is denoted by wS
n−d
G . Note
that SnG contains k
d pairwise distinct subgraphs wSn−dG , for w ∈ [k]
d
0. In the case k = 4,
a subgraph in−1S1G is called an extreme square. The graph G in the definition of S
n
G is
also called the base graph of the generalized Sierpin´ski graph.
From Theorem 1 we derive the following consequence for the generalized Sierpin´ski
graphs SnG with graphs G that contains cliques of size at least 4.
Corollary 2 If a graph G contains a subgraph isomorphic to Kk, where k ≥ 4, then
the sequence (χρ(S
n
G))n∈N is unbounded from above.
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Proof. Let G be a graph and Kk its subgraph, where k ≥ 4 is a fixed integer, and let
the vertices of Kk in G be denoted by [k]0.
Using induction we first show that SnG contains a subgraph isomorphic to S
n
k for
any n ≥ 1. Since S1G is isomorphic to G and S
1
k is isomorphic to Kk, it is clear that
S1G contains a subgraph isomorphic to S
1
k. Next, by induction hypothesis S
n
G contains
a subgraph isomorphic to Snk . Recall that S
n+1
G consists of |V (G)| copies of S
n
G and
thus Sn+1G contains at least k copies of subgraphs, isomorphic to S
n
k . Consider all such
copies of Snk , which are subgraphs of 0S
n
G, 1S
n
G, . . . , (k − 2)S
n
G and (k − 1)S
n
G. We
only need to show that there exist edges in Sn+1G between any two mentioned copies,
i.e. between any two vertices ijj . . . j and jii . . . i, i 6= j, 0 ≤ i, j ≤ k − 1. By the
definiton of edges of generalized Sierpin´ski graph such vertices are adjacent. Therefore
Sn+1G contains a subgraph isomorphic to S
n+1
k and our claim holds.
By the previous paragraph, the packing chromatic number of SnG is at least χρ(S
n
k ),
k ≥ 4, and hence by Theorem 1 the sequence (χρ(S
n
G))n∈N is unbounded from above.

3 Generalized Sierpin´ski graphs with base graphs on 4
vertices
In this section, we study the packing chromatic numbers of SnG for all connected graphs
G on 4 vertices. There are altogether six such graph, and are shown in Fig. 1 . Note
that the case of SnK4 was already considered in Section 2.
(a) K4 (b) C4 (c) P4 (d) K1,3 (e) K4 − e (f) paw
Figure 1: All connected graphs on 4 vertices.
Before determining χρ(S
n
C4
) we need two lemmas.
Lemma 3 The packing chromatic number of the graph H in Fig. 2 is at least 5.
Proof. Suppose to the contrary that χρ(H) ≤ 4. Let be c be an arbitrary 4-packing
coloring of a graph H. Consider the following possibilities for vertices a1 and c1 of H
to be colored by color 1 or not.
Case 1. c(a1) = c(c1) = 1.
Since χρ(H) ≤ 4, all five vertices in N(a1) ∪ N(c1) can be colored only by colors 2,
3 or 4. Considering the distances between these vertices, colors 2 and 3 can be used
only twice and color 4 only once in any packing coloring. Actually, colors 2 and 3
are certainly used exactly twice and color 4 exactly once, but this is possible only if
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a1 a2b1 b2c1 c2x1 x2
x3 x4
x7 x8 x9
x13 x14
x5 x6
x10 x11 x12
x15 x16
Figure 2: Graph H
c(b1) = 4. If c(c2) = 2, then c(x4) = 3 and c(x5) = 1. Only one of the vertices x10 and
x11 can be colored by color 3, but then for the other there is no available color from
{1, 2, 3, 4}. Hence c(c2) 6= 2, but c(c2) = 3, and then c(x4) = 2. Vertices x8 and x9 are
colored by color 1 and only one of the vertices x13 or x14 can get color 3, but the other
cannot be colored by colors from {1, 2, 3, 4}. Therefore c(c2) 6= 3 and thus c2 cannot
be colored by any of the colors from {1, 2, 3, 4}. Therefore c(a1) = c(c1) = 1 yields a
contradiction to the assumption, that χρ(H) ≤ 4.
Case 2. c(c1) = 1, c(a1) 6= 1.
Since χρ(H) ≤ 4 and c1 has 3 neighbours, each of them gets one of the colors 2, 3 or
4. With respect to the Case 1 and considering the distances between vertex a1 and
neighbours of vertex c1, vertex a1 cannot be colored by any of the available colors, if
c(b1) = 2. Suppose then c(b1) = 4. If c(x4) = 2, x8 and x9 are both colored by color
1, and then one of the vertices x13 or x14 cannot be colored by any of the available
colors. If c(x4) = 3, then c(c2) = 2 and c(x5) = 1. But then there is no available color
for one of the vertices x10 and x11. Therefore c(b1) = 3. If c(x4) = 2, we have the
analogous situation as above (when c(b1) = 4 and c(x4) = 2), so this is not possible.
Then c(x4) = 4 and c(c2) = 2, but then we have the same situation as in the case when
c(b1) = 4 and c(c2) = 2. Again in each case we get a contradition to our assumption,
so c(c1) 6= 1.
By symmetry, we derive from the above two cases, that also c(c2) 6= 1.
Case 3. c(a1) = 1, c(c1) 6= 1.
In this case each of the vertices x1, x3 and b1 gets one of the colors 2, 3, or 4 and
the same holds also for vertices c1 and c2 by the Case 2. For the packing coloring of
vertices x1, x3, b1 and c1 color 2 is used exactly twice and hence c(c1) = 2. Therefore
vertices b1 and c2 get colors 3 and 4. Then c(x4) = 1. But there are no available colors
for vertices x8 and x9. Therefore c(a1) 6= 1.
By symmetry and by the Case 2, also c(a2) 6= 1.
Case 4. c(a1) 6= 1, c(c1) 6= 1, c(c2) 6= 1, c(a2) 6= 1.
Suppose c(c1) = 4 and c(c2) = 2. Then c(a2) = 3 and c(x5) = 1. Only one of the
vertices x10 and x11 can be colored by color 3, but then the other cannot get any of
the available colors, so in this case there does not exist 4-packing coloring of H. Let
c(c1) = 4 and c(c2) = 3. Vertex x5 can get colors 1 or 2. If it is colored by color 1,
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then one of the vertices x10 or x11 is colored by color 2, but the other cannot get any
of the available colors. If c(x5) = 2, then c(x11) = 1 and there is no available colors for
vertices x15 and x16. Since c(c1) and c(c2) cannot be colored by color 4 (for c2 the proof
is analogous), without loss of generality we may assume that c(c1) = 2 and c(c2) = 3.
Then c(a1) = 4 and c(x4) = 1. Vertices x8 and x9 cannot be colored by colors from
{1, 2, 3, 4}. Hence also in this case c cannot be 4-packing coloring of H.
In conclusion, regardless of which vertices of graph H are colored by color 1, H
cannot be properly 4-packing colored, hence χρ(H) > 4. 
x0 x1 x2 x3 x4 x5 x6 x7
Figure 3: Graph H ′
Lemma 4 The packing chromatic number of the graph H ′, shown in Fig. 3, is at least
4.
Proof. Suppose to the contrary that c is a 3-packing coloring of H ′. If c(x2) = 1,
then all three of its neighbours are colored by colors 2 and 3, which is not possible since
the distance between any two of them is 2. Therefore c(x2) 6= 1 and by symmetry also
c(x5) 6= 1. Without loss of generality suppose c(x2) = 2 and c(x5) = 3. Then only one
of the vertices x0 and x1 can be colored by color 1, but the other cannot get any of the
available colors. Hence χρ(H
′) > 3. 
Theorem 5 If n ≥ 1 and SnC4 is the generalized Sierpin´ski graph of C4 of dimension
n, then
χρ(S
n
C4
) =


3; n = 1 ,
4; n = 2 ,
5; n ≥ 3 .
Proof. Since S1C4 is isomorphic to C4, it is clear that χρ(S
1
C4
) = 3. The graph S2C4
contains a subgraph isomorphic to H ′, which is shown in Fig. 3. Since H ′ is not 3-
packing colorable, also S2C4 is not 3-packing colorable, thus χρ(S
2
C4
) > 3. As shown
in Fig. 4 (find the 4-packing coloring of the subgraph 2S2C4), there exists a 4-packing
coloring of S2C4 and therefore χρ(S
2
C4
) = 4.
First we show that χρ(S
n
C4
) ≤ 5 holds for any n ≥ 3. Recall that for each n ≥ 3
graph SnC4 contains 4
n−3 distinct copies of subgraphs, isomorphic to S3C4 . Therefore it
is enough to show that there exists a 5-packing coloring of S3C4 , which can be used for
7
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1
1
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1
1
1
1
1
1
1
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1 1 1 1
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1
1
1
1
1
1
1
1
1
1
1
1 1 1 1
(a)
311 312 321 322
310 313 320 323
301 302 331 332
300 303 330 333
011 012 021 022
010 013 020 023
001 002 031 032
000 003 030 033
211 212 221 222
210 213 220 223
201 202 231 232
200 203 230 233
111 112 121 122
110 113 120 123
101 102 131 132
100 103 130 133
(b)
Figure 4: (a) A 5-packing coloring of S3C4 with graph H as its subgraph in orange; (b)
the labeling of S3C4 .
packing coloring of each subgraph of SnC4 that is isomorphic to S
3
C4
, and in this way
forms a 5-packing coloring of SnC4 for any n ≥ 3.
Color each subgraph of SnC4 , n ≥ 3, which is isomorphic to S
3
C4
, using the packing
coloring from Fig. 4. We claim that in that way we create a 5-packing coloring of SnC4 .
It is clear that this holds for n = 3.
The extreme vertices of S3C4 , which are colored by 1, are only 000 and 222. Since
(0, 2) /∈ E(C4), by the definition of edges in S
n
C4
, n ≥ 3, vertices u000 and v222, where
u, v ∈ [4]n−30 , both colored by 1, are not adjacent in any S
n
C4
, n ≥ 3. Therefore the
distance between any two vertices of SnC4 , n ≥ 3, which are both colored by 1, is at
least 2.
In S3C4 none of the extreme vertices is colored by color 2, hence any two vertices of
SnC4 , n ≥ 3, both colored by 2, are at distance at least 3.
Consider now any two vertices of SnC4 , n ≥ 3, which are both colored by color 3 and
belong to two distinct copies S3C4 . If such two vertices do not belong to any extreme
square of any copy of S3C4 , then they are at distance at least 5. If one of these two
vertices belongs to some extreme square (recall that this is not extreme vertex) of a
copy of S3C4 , but the other not, then they are at distance at least 4. The only pairs of
problematic vertices can be those, which consist of two vertices, both colored by color 3
and both belong to extreme squares in different copies of S3C4 . Since the diameter of S
3
C4
is 14, any two vertices of SnC4 , which are both corresponding to vertex 001 (respectively
221) of S3C4−e, are at distance more than 3. Therefore, the only pairs of problematic
vertices are actually u001 and v221, where u, v ∈ [4]n−30 , u 6= v. But the extreme
squares to which such two vertices belong (u00S1C4 and v22S
1
C4
) are not connected by
any edge in any SnC4 , n ≥ 4, since (0, 2) /∈ E(C4). Therefore also such vertices are at
8
Figure 5: Graph S3P4 with graph H as its induced subgraph in orange.
distance more than 3.
Each vertex in S3C4 , which is colored by color 4, is at distance at least 3 from any of
the extreme vertices. Hence any two vertices of SnC4 both colored by 4 are at distance
more than 5.
Any non-extreme vertex of a copy of S3C4 , which is colored by color 5, is in S
n
C4
,
n ≥ 3, at distance at least 7 from any vertex, which is colored by 5 and belong to the
other copy of S3C4 . Also extreme vertices of copies of S
3
C4
, u111 and v333, u, v ∈ [4]n−30 ,
which are colored by color 5 and belong to two different copies of S3C4 , are not adjacent
in any SnC4 , n ≥ 3, by the definition of edges of generalized Sierpin´ski graphs (recall
that (1, 3) /∈ E(C4)). Hence also vertices u111 and v333 are at distance more than 5.
Therefore the presented coloring is a 5-packing coloring of SnC4 for any n ≥ 3 and thus
χρ(S
n
C4
) ≤ 5.
We next show that χρ(S
n
C4
) ≥ 5 holds for any n ≥ 3. Recall that for each n ≥ 3
graph SnC4 contains a subgraph isomorphic to S
3
C4
. Since S3C4 contains a subgraph,
isomorphic to H from Fig. 2 as shown in Fig. 4, also each of the graphs SnC4 , n ≥ 3,
contains the subgraph, isomorphic to H. Using Lemma 3 we have
4 < χρ(H) ≤ χρ(S
n
C4
)
for any n ≥ 3 and thus χρ(S
n
C4
) = 5. 
We follow with packing chromatic numbers of the generalized Sierpin´ski graphs
when G is P4.
Theorem 6 If n ≥ 1 and SnP4 is the generalized Sierpin´ski graph of P4 of dimension
9
n, then
χρ(S
n
P4
) =


3; n = 1 ,
4; n = 2 ,
5; n ≥ 3 .
Proof. Since S1P4 is isomorphic to P4 it is clear that χρ(S
1
P4
) = 3. Graph H ′ shown
in Fig. 3 is an induced subgraph of S2P4 . Hence by Lemma 4, χρ(S
2
P4
) > 3. Since S2P4 is
isomorphic to a subgraph of the graph S2C4 , we have χρ(S
2
P4
) ≤ 4. Thus χρ(S
2
P4
) = 4.
For any n ≥ 3, the graph H shown in Fig. 2 is an induced subgraph of SnP4 (see
Fig. 5) and graph SnP4 is isomorphic to a subgraph of S
n
C4
. Therefore for any n ≥ 3 we
infer by using Lemma 3 and Theorem 5 that
5 ≤ χρ(S
n
P4
) ≤ χρ(S
n
C4
) = 5.
Hence χρ(S
n
P4
) = 5 for any n ≥ 3. 
The next family of graphs SnG for which we get a complete solution of our problem
is when G is the claw, K1,3. We label the vertices of K1,3 with labels from the set [3]0,
such that vertex label by 1 has degree 3. This notation is then also the base for the
labeling of vertices of SnK1,3 , n ≥ 2.
Theorem 7 If n ≥ 1 and SnK1,3 is the generalized Sierpin´ski graph of K1,3 of dimension
n, then
χρ(S
n
K1,3
) =
{
2; n = 1 ,
3; n ≥ 2 .
Proof. As graph S1K1,3 is isomorphic to K1,3, we have χρ(S
1
K1,3
) = 2. For each n ≥ 2
the graph SnK1,3 contains a subgraph isomorphic to P4, hence χρ(S
n
K1,3
) ≥ 3 for each
n ≥ 2.
1
1
1
1
1
1
1
1
3 1 2
1
1
2 1 2
11 12 21 22
10 13 20 23
01 02 31 32
00 03 30 33
Figure 6: The 3-packing coloring of S2K1,3 and the notation of its vertices.
Note that the coloring shown in Figure 6 is a 3-packing coloring of S2K1,3 . We next
show that this coloring can be used for a 3-packing coloring of SnK1,3 , for any n ≥ 2. For
each w ∈ [4]n−20 color the vertices of subgraph wS
2
K1,3
of SnK1,3 by using the 3-packing
coloring of S2K1,3 as shown in the figure.
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In S2K1,3 the extreme vertices colored by color 1 are 00, 22 and 33. Since the
vertices 0, 2 and 3 are pairwise non-adjacent in K1,3 by the definition of the edges of
generalized Sierpin´ski graphs, the vertices u00, v22 and w33, where u, v, w ∈ [4]n−20 ,
are also pairwise non-adjacent in SnK1,3 , n ≥ 2. Therefore any two vertices of S
n
K1,3
,
n ≥ 2, colored by 1, are at distance at least 2. Each vertex of SnK1,3 , n ≥ 2, colored
by color 2, is at distance at least 1 from any extreme vertex of any subgraph wS2K1,3 ,
where w ∈ [4]n−20 , and this means, that any two vertices of S
n
K1,3
, n ≥ 2, colored 2,
are at distance at least 3. Since there is only one vertex of S2K1,3 , colored 3, and the
diameter of this graph is 3, any two vertices of a graph SnK1,3 , n ≥ 2, colored by 3, are
at distance at least 4. Hence the described coloring is a 3-packing coloring of the graph
SnK1,3 for any n ≥ 2, and so χρ(S
n
K1,3
) = 3. 
The following lemma will be used for determining χρ(S
3
K4−e
). We use the notation
of vertices of K4 − e, in the set [3]0, such that 0 and 2 are not adjacent. This is then
also reflected in the notation of vertices of SnK4−e.
Lemma 8 For any packing coloring of the subgraph of S3K4−e, which is induced by
the set of vertices V (3S2K4−e) ∪ V (03S
1
K4−e
) ∪ V (23S1K4−e) (respectively V (1S
2
K4−e
) ∪
V (01S1K4−e) ∪ V (21S
1
K4−e
)), at least 7 colors is required. Moreover, if color 7 is not
used in 3S2K4−e (respectively 1S
2
K4−e
), then it is needed in both, in 03S1K4−e and also in
23S1K4−e (respectively 01S
1
K4−e
and 21S1K4−e).
Proof. Let c be a packing coloring of the subgraph of S3K4−e, induced by the set of
vertices V (3S2K4−e)∪V (03S
1
K4−e
)∪V (23S1K4−e). See Fig. 7 in which the corresponding
subgraphs are marked. We may assume that 3S2K4−e is 6-packing colorable, for if not,
then c uses color 7 already in 3S2K4−e, and the proof is done. For c restricted to 3S
2
K4−e
we have: |c−1(1)∩V (3S2K4−e)| ≤ 8, |c
−1(2)∩V (3S2K4−e)| ≤ 4, |c
−1(3)∩V (3S2K4−e)| ≤ 2,
|c−1(4)∩ V (3S2K4−e)| ≤ 2, |c
−1(5)∩ V (3S2K4−e)| ≤ 2 and |c
−1(6)∩ V (3S2K4−e)| ≤ 1. We
distinguish five cases with respect to |c−1(1) ∩ V (3S2K4−e)|.
Case 1. |c−1(1) ∩ V (3S2K4−e)| < 5.
Since |V (3S2K4−e)| = 16 and
∑6
i=1 |c
−1(i) ∩ V (3S2K4−e)| ≤ 15, color 7 is needed in
V (3S2K4−e) and we are done.
Case 2. |c−1(1) ∩ V (3S2K4−e)| = 5.
In this case
∑6
i=1 |c
−1(i) ∩ V (3S2K4−e)| ≤ 16 and hence each of the numbers |c
−1(i) ∩
V (3S2K4−e)|, 1 ≤ i ≤ 6, must reach the established upper bound. Therefore in 3S
2
K4−e
there exist two vertices colored by 5, and they are 302 (or 300) and 320 (or 322); we
may assume without loss of generality the first option. Then we derive that c(300) =
c(311) = c(322) = c(333) = 2. Without loss of generality we may assume that c(301) =
c(323) = 4 and c(321) = 3. But then at most four vertices can receive color 1, which is
a contradiction. The described partial packing coloring of 3S2K4−e and the notation of
its vertices is shown in Fig. 8.
Case 3. |c−1(1) ∩ V (3S2K4−e)| = 6.
We must color exactly two vertices in (at least) two distinct subgraphs of 3S2K4−e, which
are isomorphic to K4 − e, by color 1. If 1 is used twice in 30S
1
K4−e
(respectively in
11
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Figure 7: The graph S3K4−e with subgraphs that appear in Lemma 8 marked by (red
and orange) squares.
32S1K4−e or in both), then |c
−1(2) ∩ V (3S2K4−e)| ≤ 3 and |c
−1(5) ∩ V (3S2K4−e)| ≤ 1.
Thus
∑6
i=1 |c
−1(i) ∩ V (3S2K4−e)| ≤ 15, which implies the claimed result. Therefore
color 1 appears exactly once in 30S1K4−e and also exactly once in 32S
1
K4−e
. Since
|c−1(1) ∩ V (3S2K4−e)| = 6, c(310) = c(312) = c(330) = c(332) = 1 and we have to color
exactly two vertices from {300, 302, 320, 322} with color 1.
If two of the colors from {3, 4, 5} are used by c to color vertices from {311, 313, 331,
333}, then each of them can be used in 3S2K4−e only once (and the other at most twice).
But then c is not a 6-packing coloring of 3S2K4−e, since
∑6
i=1 |c
−1(i)∩V (3S2K4−e)| ≤ 15.
Therefore vertices from {311, 313, 331, 333} can be colored by colors 2, 6 and one of
the colors 3, 4, 5, which means that two of the listed vertices get color 2, namely 311
and 333.
If |c−1(5) ∩ V (3S2K4−e)| = 2, then |c
−1(2) ∩ V (3S2K4−e)| = 2, but then again we get
the same conclusion,
∑6
i=1 |c
−1(i) ∩ V (3S2K4−e)| ≤ 14. Hence |c
−1(5) ∩ V (3S2K4−e)| =
1. Thus |c−1(4) ∩ V (3S2K4−e)| = 2 and |c
−1(2) ∩ V (3S2K4−e)| = 4. Then vertices
300, 302, 320, 322 get colors 1 or 2 and without loss of generality we may assume
c(301) = c(323) = 4. Therefore c(303) = c(321) = 3. The remaining two vertices
are colored by colors 5 and 6. The described coloring, which is clearly a 6-packing
coloring of 3S2K4−e, is shown in Fig. 9a.
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Figure 8: The subgraph of S3K4−e induced by the set of vertices V (3S
2
K4−e
), its partial
packing coloring, and the notation of its vertices on the right-hand side.
Now, consider the coloring c in the remaining part of the subgraph, that is, in 03S1K4−e
and 23S1K4−e. By using the described coloring, vertex 033 can be colored by one of
the colors from {1, 2, 7}. Suppose that c(033) 6= 7. Then one of the vertices from
{030, 031, 032} cannot be colored by any of the colors from {1, 2, 3, 4, 5, 6} and therefore
must get color 7. In either case, color 7 is used in 03S1K4−e. By symmetry one of the ver-
tices from {230, 231, 232, 233} is colored by 7. In conclusion, if |c−1(1)∩V (3S2K4−e)| = 6,
color 7 is used in both 03S1K4−e and 23S
1
K4−e
.
Case 4. |c−1(1) ∩ V (3S2K4−e)| = 7.
Since 3S2K4−e contains 4 distinct copies of subgraphsK4−e, in exactly one of them exist
only one vertex colored by color 1, and the others contain two such vertices. Consider
the position of this copy of K4 − e in 3S
2
K4−e
.
Assume first that the subgraph isomorphic to K4 − e with only one vertex colored
by 1 is 31S1K4−e. Then c(300) = c(302) = c(320) = c(322) = c(330) = c(332) = 1,
and thus |c−1(2) ∩ V (3S2K4−e)| ≤ 3, |c
−1(5) ∩ V (3S2K4−e)| ≤ 1. Then
∑6
i=1 |c
−1(i) ∩
V (3S2K4−e)| ≤ 16, and hence each of the numbers |c
−1(i) ∩ V (3S2K4−e)|, 1 ≤ i ≤ 6,
must reach the established upper bound, otherwise we are done in this case. Without
loss of generality we may assume that c(303) = c(321) = 4. Then c(323) = 3. If
c(301) is also 3, then |c−1(2) ∩ V (3S2K4−e)| ≤ 2, and in this case color 7 is required
(
∑6
i=1 |c
−1(i) ∩ V (3S2K4−e)| ≤ 15). Hence c(310) = 3, which readily implies c(301) =
c(312) = c(333) = 2. The remaining three vertices are colored by colors 1, 5 and 6.
Clearly, this is a 6-packing coloring of 3S2K4−e, partially shown in Fig. 9b (for the last
three vertices colors are omitted). Vertex 033 must be colored by color 7 and vertex
233 can be colored only by colors 2 or 7. If c(233) 6= 7, then one of the vertices from
{230, 231, 232} is colored by 7. Again color 7 appears in both, 03S1K4−e and 23S
1
K4−e
.
Analogous arguments work if there is only one vertex colored by 1 in 33S1K4−e.
For the second case, we may assume without loss of generality that there is only one
vertex colored by 1 in 30S1K4−e. Then c(310) = c(312) = c(320) = c(322) = c(330) =
c(332) = 1. Consequently |c−1(2)∩V (3S2K4−e)| ≤ 3, |c
−1(5)∩V (3S2K4−e)| ≤ 1 and thus∑6
i=1 |c
−1(i) ∩ V (3S2K4−e)| ≤ 16. Then in 3S
2
K4−e
there are two vertices colored by 4,
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Figure 9: 6-packing colorings of S2K4−e.
and also two colored by 3. Let c(321) = 4 and c(323) = 3 (respectively c(321) = 3
and c(323) = 4). Further, three vertices of 3S2K4−e must be colored by 2, two of them
are certainly 311 and 333. Vertices 300 and 302 are colored by colors from {1, 2},
c(301) = 3, c(303) = 4 (respectively c(301) = 4 and c(303) = 3), and then c(313) = 5,
c(331) = 6 (respectively c(313) = 6, c(331) = 5). The described coloring, which is
clearly a 6-packing coloring of 3S2K4−e, is the second possible 6-packing coloring of
3S2K4−e, if |c
−1(1) ∩ V (3S2K4−e)| = 7. It is shown in Fig. 9c. But analogously as above
we find that if 7 is not used in 3S2K4−e, it appears in 03S
1
K4−e
and also in 23S1K4−e.
Case 5. |c−1(1) ∩ V (3S2K4−e)| = 8.
All vertices, which get color 1, are uniquely determined. In this case the upper bounds
for the numbers |c−1(i)∩ V (3S2K4−e)| clearly decrease from the initial ones in the cases
i = 2 and i = 5. We thus have |c−1(2) ∩ V (3S2K4−e)| ≤ 3 and |c
−1(5) ∩ V (3S2K4−e)| ≤
1. If |c−1(4) ∩ V (3S2K4−e)| = 2, then |c
−1(2) ∩ V (3S2K4−e)| ≤ 2 and
∑6
i=1 |c
−1(i) ∩
V (3S2K4−e)| ≤ 16. Therefore each of the numbers |c
−1(i) ∩ V (3S2K4−e)|, 1 ≤ i ≤ 6,
must reach the established upper bound. Without loss of generality we may assume
that c(323) = c(301) = 4. Then c(303) = c(321) = 3 and c(311) = c(333) = 2. The
other two vertices get colors 5 and 6. By the same consideration as in previous cases,
it follows that 7 is used in 03S1K4−e and also in 23S
1
K4−e
, if it is not used in 3S2K4−e.
The second possibility is that |c−1(4)∩V (3S2K4−e)| = 1. Then |c
−1(2)∩V (3S2K4−e)| = 3.
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Since the vertices colored by 1 are determined, without loss of generality we may assume
that c(301) = c(321) = 2 and then c(303) = c(323) = 3. The remaining vertices get
colors 2, 4, 5 and 6. This is 6-packing coloring of 3S2K4−e, but we can see that both
vertices, 033 and 233, can get only color 7. Both possibilities for a 6-packing coloring
of 3S2K4−e, if |c
−1(1) ∩ V (3S2K4−e)| = 8, are (partially) shown in Fig. 9d and 9e.
In conclusion, if 7 is not used in 3S2K4−e, it appears in 03S
1
K4−e
and also in 23S1K4−e.
Due to symmetry the analogous observation can be proven for 1S2K4−e. 
Theorem 9 If n ≥ 1 and SnK4−e is the generalized Sierpin´ski graph of K4 − e of
dimension n, then
χρ(S
n
K4−e
) =


3; n = 1 ,
6; n = 2 ,
8; n = 3 .
Furthermore, if n ≥ 4, then 8 ≤ χρ(S
n
K4−e
) ≤ 11.
Proof. The graph S1K4−e is isomorphic to K4 − e and it is clear that χρ(K4 − e) = 3.
Since the graph S2K4−e contains a subgraph isomorphic to S
2
3 (shown in Fig. 10),
we derive by using [5, Theorem 1.1] that χρ(S
2
K4−e
) ≥ 5. Suppose that there exists a
5-packing coloring c of S2K4−e. The following inequalities hold for the number of vertices
that can be colored by a given color:
|c−1(1)| ≤ 8, |c−1(2)| ≤ 4, |c−1(3)| ≤ 2, |c−1(4)| ≤ 2, |c−1(5)| ≤ 2.
The equality |c−1(2)| = 4 holds only if two of the vertices 00, 02, 20 and 22 are colored
by 2, thus we can color at most 11 vertices by colors 1 and 2.
1
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Figure 10: Graph S2K4−e, its 6-packing coloring, and the notation of its vertices.
Suppose that |c−1(5)| = 2. The graph S2K4−e contains only four pairs of vertices
(00 and 20, 00 and 22, 02 and 20, 02 and 22), which are at distance 6, and we have to
color one pair of them by 5. But then there can be only 6 vertices (two of them belong
to {02, 20, 00, 22}) colored by 1. Therefore we can color by 2 at most 3 vertices. This
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is a contradiction, since S2K4−e has 16 vertices, but we can color only 15 of them. The
same result follows, if |c−1(1)| ≤ 5.
Alternatively, let |c−1(5)| = 1. Hence |c−1(1)| ≥ 7, which means that at least three
of the vertices 00, 02, 20, 22 get color 1. Without loss of generality we may assume
that c(02) = c(20) = c(22) = 1. Suppose that |c−1(4)| = 2. This is possible only if one
vertex colored by 4 is 21 (or symmetrically 23), and the other 03 (respectively 01). But
then only 10 vertices are colored by colors 1 and 2, and we get the same contradiction
as above. Now, if |c−1(5)| = 1 and |c−1(4)| ≤ 1, we cannot color all 16 vertices by
colors from {1, 2, 3, 4, 5}, since only 11 vertices can be colored by colors 1 and 2.
Therefore χρ(S
2
K4−e
) ≥ 6. In Fig. 10 a 6-packing coloring of S2K4−e is shown,
implying χρ(S
2
K4−e
) = 6.
Next, we consider the packing coloring of S3K4−e. Suppose that χρ(S
3
K4−e
) = 7. By
Lemma 8 this is a contradiction, since we cannot form even a 7-packing coloring of the
subgraph induced by vertices V (3S2K4−e) ∪ V (1S
2
K4−e
) ∪V (03S1K4−e) ∪ V (01S
1
K4−e
) ∪
V (23S1K4−e) ∪ V (21S
1
K4−e
). Notably, regardless of which vertices are colored by color
7, they will be too close. Hence χρ(S
3
K4−e
) ≥ 8.
In Fig. 11 an 8-packing coloring of S3K4−e is shown. It is easy to verify that for any
i ∈ [8] the distance between any two vertices colored by color i is bigger than i, and
consequently χρ(S
3
K4−e
) = 8.
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Figure 11: Graph S3K4−e, its 8-packing coloring, and the labeling of its vertices.
In the remainder of the proof, we consider the general case of the packing chromatic
number of SnK4−e, and prove the announced lower and upper bound. First, since each
SnK4−e, when n ≥ 4, contains a subgraph isomorphic to S
3
K4−e
, we get χρ(S
n
K4−e
) ≥ 8
for any n ≥ 4.
We next show that χρ(S
n
K4−e
) ≤ 11 for any n ≥ 4. We start by presenting a packing
coloring of the vertices of SnK4−e, n ≥ 5, and denote it by c.
Recall that SnK4−e, n ≥ 5, contains 4
n−4 distinct copies of S4K4−e. Color vertices
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of each of them as shown in Fig. 12. Let u ∈ [4]n−50 and a ∈ {0, 1, 2, 3}. Then let
c(ua1131) = 11 and c(ua3111) = 9, if a = 1, otherwise c(ua1131) = 9 and c(ua3111) =
10. Further, let c(ua1111) = 8, c(ua1313) = 11 and c(ua3311) = 9, if a = 3, and
otherwise c(ua1111) = c(ua3311) = 6, c(ua1313) = 8. Let c(u13131) = 10, c(u33131) =
8 and c(ua3131) = 11, if a ∈ {0, 2}. Finally, color each of the unlabeled vertices by
color 1. We claim that in this way we get an 11-packing coloring of SnK4−e for any
n ≥ 5.
Consider first any two vertices, colored by the same color i, i ∈ [11], which both
belong to the same subgraph of SnK4−e, isomorphic to S
4
K4−e
. It is clear that such two
vertices are at distance at least i+1 (see Fig. 12). We show that the same holds also, if
such two vertices belong to two distinct subgraphs of SnK4−e, which are both isomorphic
to S4K4−e.
Consider first the vertices of SnK4−e, n ≥ 4, colored by 1. If such vertex is non-
extreme vertex of the subgraph isomorphic S4K4−e to which this vertex belongs, then it
is at distance at least 2 from any vertex colored by 1. If considered vertex is an extreme
vertex of some subgraph isomorphic to S4K4−e, then it is u0000 or v2222, u, v ∈ [4]
n−4
0 .
But by the definition of edges of generalized Sierpin´ski graphs, vertices u0000 and v2222,
for any u, v ∈ [4]n−40 , are not adjacent in any S
n
K4−e
, n ≥ 4, since {0, 2} /∈ E(K4 − e).
Thus any two vertices of SnK4−e, n ≥ 4, colored by 1, are at distance at least 2.
Next, in the packing coloring c of S4K4−e none of the extreme vertices is colored by 2.
Consequently, any two vertices, colored by 2, are at distance at least 3 in SnK4−e, n ≥ 4.
Each copy of S4K4−e in S
n
K4−e
contains two vertices (u0001 and u2221, u ∈ [4]n−40 ),
which are colored by 3, belong to some extreme square, and are at distance 1 from the
nearest extreme vertex (i.e. u0000 respectively u2222). But since vertices u0000 and
v2222, u, v ∈ [4]n−40 , are not adjacent in any graph S
n
K4−e
, n ≥ 4, the distance between
vertices u0001 and v2221, u, v ∈ [4]n−40 , is at least 17 in S
n
K4−e
. Any other vertex of any
subgraph isomorphic to S4K4−e, colored by 3, is at distance at least 2 from any extreme
vertex and hence its distance to any vertex of SnK4−e colored by the same color is at
least 4.
If a vertex of SnK4−e, n ≥ 4, colored by 4, is at distance at least 4 from any extreme
vertex of any copy of S4K4−e, then is at distance at least 5 from any other vertex, colored
also by 4. Since there exists only one vertex of each copy of S4K4−e colored by 4, which
is at distance less than 4 from some extreme vertex of this copy of S4K4−e, such vertex
is not problematic (it is at distance at least 5 from any vertex with the same color). In
S4K4−e whose coloring is shown in Fig. 12, there is only one vertex (3313) colored by
5, which is at distance (at most) 2 from some extreme vertex of S4K4−e (other vertices
colored by 5 are at distance at least 3 from any extreme vertex of S4K4−e). Hence in
each case the sum of two distances between a vertex colored by 5 and extreme vertex
of S4K4−e is at least 5. Therefore any two vertices of S
n
K4−e
, n ≥ 4, colored by 5 are at
distance at least 6.
Consider now the vertices of SnK4−e, n ≥ 4, which are colored by 6 using the packing
coloring shown in Fig. 12. It is clear that each such vertex of any subgraph of SnK4−e,
isomorphic to S4K4−e, is at distance at least 7 from any extreme vertex of this copy of
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Figure 12: A graph S4K4−e, and its partial packing coloring
S4K4−e. Therefore any such two vertices of S
n
K4−e
, n ≥ 5, which belong to two distinct
subgraphs isomorphic to S4K4−e and are colored by 6, are at distance at least 7.
We still need to check the distances between the mentioned vertices colored by 6
and those, whose coloring is not shown in Fig. 12 but nevertheless get color 6 by the
description of the coloring c above, and, in addition, we need to check the distances
between these vertices themselves. It is easy to see that the distance between any two
18
vertices, colored by 6, within any copy of S5K4−e is at least 7. Now, in any subgraph
uS5K4−e, u ∈ [4]
n−5
0 , each vertex colored by 6 except u11111 is at distance at least 7
from any extreme vertex of uS5K4−e. Hence any two vertices of S
n
K4−e
, n ≥ 5, colored
by 6 are at distance at least 7.
In S4K4−e, whose coloring is shown in Fig.-12 only one vertex colored by 7 is at dis-
tance 3 from the nearest extreme vertex of S4K4−e. Other such vertices are at distances
more than 3 (4 or 7) from any extreme vertex of S4K4−e. Hence the distance between
any two vertices of SnK4−e, n ≥ 4, colored by 7 is at least 8.
There are only two vertices of S4K4−e colored by 8 by the use of packing coloring
shown in Fig. 12, which are at distance (at most) 3 from the nearest extreme vertex.
These two vertices are 0011 and 2211, the nearest extreme vertex of the first is 0000
and of the second is 2222. But since vertices u0000 and v2222, u, v ∈ [4]n−40 , are not
adjacent in any graph SnK4−e, n ≥ 4, vertices u0011 and v2211 are at distance more
than 8 in any graph SnK4−e, n ≥ 4. It is clear that the distance between any two vertices
of SnK4−e, n ≥ 5, which are colored by 8, but their coloring is not shown in Fig. 12,
is more than 8. Any of these vertices is also at distance more than 8 from any vertex
colored by 8. Vertices of any subgraph uS5K4−e of S
n
K4−e
, n ≥ 5, u ∈ [4]n−50 , which are
colored by 8, are at distances 3 (u00011 and u22211), 5 (u11313 and u33131), or more
than 8 from any extreme vertex of uS5K4−e. Thus the only problematic vertices could
be u00011 and v22211, u, v ∈ [4]n−50 , since the distance between any other two vertices,
colored by 8, is at least 9 in SnK4−e. But by above consideration, vertices u00011 and
v22211 are at distance more than 8 in any SnK4−e, n ≥ 5.
In a copy of S5K4−e all vertices colored by 9, except vertex, corresponding to 33311,
are at distance at least 7 from any of the extreme vertices. Thus any such two vertices
in SnK4−e, n ≥ 5, are at distance at least 12 (because the distance between them within
a copy of S5K4−e is at least 12). Vertex 33311 of S
5
K4−e
is at distance 3 from the nearest
extreme vertex, but since the sum of 3 and any number, which is at least 7, is more
than 9, vertex u33311, u ∈ [4]n−50 , is at distance at least 10 (actually 11) from any
vertex of SnK4−e, n ≥ 5, colored by 9.
In S5K4−e two vertices (00033 and 22233) colored by 10 are at distance 3 from
the nearest extreme vertex. Since vertices u00000 and v22222, u, v ∈ [4]n−50 , are not
adjacent for any n ≥ 5 in a graph SnK4−e, n ≥ 5, vertices u00033 and v22233 are at
distance at least 24. The other vertices of S5K4−e colored by 10 are at distance at least
7 from any extreme vertex. Hence in SnK4−e, n ≥ 5, each of the vertices, corresponding
to the mentioned vertices of S5K4−e, is at distance more than 10 from any other vertex
colored by 10.
The graph S5K4−e contains four vertices colored by 11, which are from the nearest
extreme vertices at distances 2, 10 or 15. Since the sum of any two listed numbers is
more than 11, vertices colored by 11 are in SnK4−e, n ≥ 5, at distance more than 11.
In conclusion, coloring c is indeed an 11-packing coloring of SnK4−e for any n ≥ 5.
Thus, χρ(S
n
K4−e
) ≤ 11 for any n ≥ 5. Since S5K4−e contains a subgraph isomorphic to
S4K4−e, we also have χρ(S
4
K4−e
) ≤ 11. 
Recall, that the graph obtained by attaching a leaf to one of the vertices of a triangle
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is called the paw.
Corollary 10 If n ≥ 1 and Snpaw is the generalized Sierpin´ski graph of the paw of
dimension n, then
χρ(S
1
paw) = 3,
5 ≤ χρ(S
2
paw) ≤ 6,
7 ≤ χρ(S
3
paw) ≤ 8.
For each n ≥ 4,
7 ≤ χρ(S
n
paw) ≤ 11.
Proof. It is clear, that χρ(S
1
paw) = 3, since S
1
paw is isomorphic to the graph paw. Since
for each n ≥ 2 the graph Snpaw contains a subgraph isomorphic to S
n
3 , the lower bounds
for χρ(S
n
paw), n ≥ 2, follow from [5]. The upper bounds for χρ(S
n
paw) are determined
by Theorem 9, since each Snpaw, n ≥ 2, is isomorphic to a subgraph of S
n
K4−e
. 
4 Sierpin´ski triangle graphs
Sierpin´ski triangle graphs can be defined in various ways, which originate in the Sierpin´ski
triangle fractal [20]. Here we use the connection with Sierpin´ski graphs. Let n ∈ N0.
The Sierpin´ski triangle graph ST n3 of dimension n is the graph obtained from S
n+1
3 by
contracting all non-clique edges.
Sierpin´ski triangle graphs can also be constructed recursively in the following way.
Firstly ST 03 is the triangle K3. For any n ∈ N0, assuming that ST
n
3 is given, we obtain
ST n+13 from three copies of ST
n
3 , by identifying three pairs of extreme vertices, two from
each copy, in the manner shown in Fig. 13. Note that extreme vertices of Sierpin´ski
triangle graph are vertices of degree 2 and there are exactly three such vertices in each
ST n3 . The three copies of the subgraph isomorphic to ST
n
3 that lie in ST
n+1
3 are denoted
by 0ST n3 , 1ST
n
3 and 2ST
n
3 , see Fig. 13.
1ST n3 2ST
n
3
0ST n3
Figure 13: ST n+13
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Theorem 11 If ST n3 , n ≥ 0, is the Sierpin´ski triangle graph of dimension n, then
χρ(ST
n
3 ) =


3; n = 0 ,
4; n = 1 ,
8; n = 2 .
Moreover, for each n ≥ 0 : χρ(ST
n
3 ) ≤ 31.
Proof. It is clear that χρ(ST
0
3 ) = 3, since ST
0
3 is isomorphic to K3.
For any packing coloring of ST 13 , color 1 can used at most three times and each
other color at most once, since the diameter of this graph is 2. Using also the fact that
|V (ST 13 )| = 6, colors 1, 2, 3, and 4 are necessary. Thus, χρ(ST
1
3 ) ≥ 4. In Fig. 14 a
4-packing coloring of ST 13 is shown, and hence χρ(ST
1
3 ) = 4.
1
2 4
1 3 1
Figure 14: The 4-packing coloring of ST 13
In Fig. 15 an 8-packing coloring of ST 23 is presented and thus χρ(ST
2
3 ) ≤ 8. Suppose
that χρ(ST
2
3 ) = 7 and denote by c a 7-packing coloring of ST
2
3 . The following properties
of c are easy to observe: |c−1(1)| ≤ 6, |c−1(2)| ≤ 3, |c−1(3)| ≤ 3, |c−1(4)| ≤ 1, |c−1(5)| ≤
1, |c−1(6)| ≤ 1 and |c−1(7)| ≤ 1.
1
7 3
1
8
1
2 4 5 6
1 3 1 2 1
Figure 15: The 8-packing coloring of ST 23
Next, suppose that |c−1(3)| = 3. This implies, that all 3 extreme vertices of ST 23
(i.e., the vertices of degree 2) get color 3, because these are the only three vertices
of ST 23 , which are pairwise at distance (at least) 4. But then at most four vertices
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can be colored by color 1 and this is a contradiction, since
∑7
i=1 |c
−1(i)| ≤ 14 and
|V (ST 23 )| = 15. Hence |c
−1(3)| ≤ 2 and consequently
∑7
i=1 |c
−1(i)| ≤ 15. This yields,
that each number |c−1(i)|, 1 ≤ i ≤ 7, must reach the established upper bound. Hence
|c−1(1)| = 6 and it is necessary that each of the extreme vertices gets color 1. But
then one cannot have |c−1(2)| = 3 and at the same time |c−1(3)| = 2, which implies∑7
i=1 |c
−1(i)| ≤ 14, a contradiction. Thus χρ(ST
2
3 ) = 8.
Now, we consider the general case of ST n3 where n ≥ 4. Fig. 16 shows a partial
packing coloring of ST 43 . Vertices that are not colored orange and are not labelled
receive color 1, while vertices colored orange and have no label receive color 22 and 23,
which yields χρ(ST
4
3 ) ≤ 23.
Next we present the packing coloring of the vertices of ST 53 , and in parallel we also
consider the general case of ST n3 for n ≥ 5.
First, color the vertices of each of the (three) subgraphs of ST 53 isomorphic to ST
4
3
as shown in Fig. 16. More precisely, the colors, which are labelled with a star, are used
only in the subgraphs 1ST 43 and 2ST
4
3 . Color the remaining vertices of ST3(5), which
correspond to all orange labelled vertices of ST3(4), with different colors, each by one
of the colors from {22, 23, . . . , 31}. (Color the others not labelled vertices by color 1.)
We claim that in this way we obtain a 31-packing coloring of ST 53 (and also of any ST
n
3
for n ≥ 5).
By using the described coloring of the graph ST 53 (and of ST
n
3 , which is obtained
by just copying 3n−5 times the colorings of ST 53 ), in each subgraph of ST
5
3 , which is
isomorphic to ST 43 , there are exactly six uncolored vertices before applying the colors
18, 19, . . . , 31. Since ST 53 consists of three distinct copies of ST
4
3 , this means that
altogether there are 18 uncolored vertices in ST 53 . Eight of them are then colored by
colors 18, 19, 20, 21 and the remaining ten vertices by new, distinct colors. Therefore
all vertices of the graph ST 53 (and of ST
n
3 , n ≥ 5) are colored by using the described
coloring.
Now, we prove that the described coloring is a packing coloring of ST 53 (and of
ST n3 ). For each color i, 1 ≤ i ≤ 17, used for the packing coloring of ST
4
3 , which is
shown in Fig. 16, the following holds:
(i) if there exist at least two vertices of ST 43 , both colored by color i, then any such
two vertices are at distance at least i+ 1;
(ii) if there exist at least two vertices of ST 43 , both colored by color i, then for any
such two of them, denoted by a and b, the sum of the distance from vertex a to
the nearest extreme vertex and the distance from vertex b to its nearest extreme
vertex is at least i + 1 (the color of extreme vertices need not be considered,
because they are identified when building ST 53 from three ST
4
3 ’s);
(iii) if there exists only one vertex of ST 43 colored by color i, then the sum of the
distances from this vertex to any two extreme vertices, is at least i+ 1.
This implies that any two vertices of ST n3 , n ≥ 4, both colored by color i ∈ [17], are at
distance more than i.
22
22
2
3
3
3
4
4
11
2
2
2
3
3
3
4
4
11
2
3
3
42
3
3
42 2 2
2
2
2
2
2 2 2
2
2
3
3
3
3
4 4
4
5
5
5
5 5
5
5
6 6
6
6
6
7
7
7
8
8
8
9 9
9
10
10
12
12
13
14
15
16
17
21*
18*
19*
20*
Figure 16: Partial packing coloring of the graph ST 43
It is clear, that two vertices of ST 53 , colored by the same color i ∈ {18, 19, 20, 21},
are at distance at least i + 1. Also the sum of the distance from one such vertex to
the nearest extreme vertex and the distance from another such vertex to its nearest
23
extreme vertex, is at least i + 1. Hence any two vertices, colored by the same color
i ∈ {18, 19, 20, 21}, are at distance more than i in any of the graphs ST n3 , n ≥ 5.
Recall that the diameter of ST 53 is 32. For any vertex of ST
5
3 , colored by color
i, where 22 ≤ i ≤ 31, the sum of the distances from this vertex to any two extreme
vertices, is at least i + 1. Therefore any two vertices of ST n3 , n ≥ 5, colored by the
same color i, 22 ≤ i ≤ 31, are at distance at least i + 1. Hence the described coloring
is indeed a 31-packing coloring of ST n3 for any n ≥ 5.

5 Open problems
One can think of several natural open questions related to packing colorings of Sierpin´ski-
type graphs. We mention three problems that directly arise from results of this paper.
Problem 1 Characterize the graphs G for which the sequence (χρ(S
n
G))n∈N is bounded.
Note that from Corollary 2 follows that such graphs G do not contain K4 as a subgraph.
Moreover, it can be proven in a similar way as in the proof of Corollary 2 that if H is
a subgraph of G, then SnH is a subgraph of S
n
G for any n. Hence the graphs for which
the sequence (χρ(S
n
G))n∈N is bounded form a hereditary class of graphs.
Problem 2 Determine the exact values of χρ(S
n
K4−e
) and χρ(S
n
paw) for all n.
As Problem 2 might be difficult, it would also be interesting to improve the lower and
upper bounds for χρ(S
n
K4−e
) and χρ(S
n
paw) proven in this paper.
Problem 3 What is the maximum of the set {χρ(ST
n
3 ) |n ∈ N}?
Again, it might already be challenging to improve the currently known upper bound
for the packing chromatic number of the Sierpin´ski triangle graphs, which is 31 by
Theorem 11.
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